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SUMMARY

Tables and curves are presented which give values of the induced-
upwash-velocity factors, due to the Jet boundary, at the horizontal
center plane of a cloged circuler wind tunnel and at that of a closed
bipolar wind.tunnel which 1s formed when a reflectlon plane is installed
in a circular tunnel for testing semispan wings. These velocities have
been calculated for infinitesimal-gpan lifting elements located at
various points in the horizontal center plane. Inasmich as the 1ift
distribution of a wing of any plan form can be bullt up from the infin-
itesimal lifting elements, the induced upwash velocities can be obtained
at any point on the wing or, to & limited extent, ahead of or behind the
wing. The application of these induced-upwash-velocity factors to the
determination of the Jet-boundary correctlons is also discussed. In
order to facilitate the computations, simplified computing forms are
presented for evaluating the corrections to the angle of attack and to
the drag, pltching-moment, rolling-moment, and yewing-moment coef-
ficients.

INTRODUCTION

Wind-tunnel testing of swept wings has considerably increased
because of the use of such wings for transonic and supersonic aircraft.
The Jet-boundary corrections applicable to the test data on swept wings
have been difficult to derive inasmuch as the problem is not reducible
to that of a two-dimensional potential flow as in the case of unswept
wings. For rectangular tunnels, the method of images can be used as in
reference 1 for finite-span skewed horseshoe vortices, or as in refer-
ence 2 for Infinitesimal-gpan 1lifting elements. For circular tunnels,
there 18 no system of images that will satlsfy the boundary conditions
in the vicinity of the model. One method which has been developed for
circular tunnels is given in reference 3 which follows the method of
reference 4 and makes use of finite-span skewed horseshoe vortices.
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The results of reference 3, however, have been found to be d&ifficult to
apply. Accordingly, the method presented hereln was developed. This
method mekes use of infinitesimel-span 1ifting elements and is based
upon the development given in reference 5.

For some purposes, such as lateral-control investigations, semi-
span models are tested with reflection planes in order that larger
models may be used in existing wind tunnels. Both the model and the
tunnel are effectively reflected by the reflectlion plane. When one wall
of a rectangular tunnel is used as & reflectlon plane, the effect is
that of a complete model in a larger tunnel which is still rectanguler.
The corrections for such a configuration are given in reference 6. When
a reflection plane is installed 1n & circular tunnel, however, the
boundary cf the complete tunnel (actual and reflected parts) is no
longer circular, but consists of two circular arcs, the centers of which
are equidistant from the reflection plane and on a line perpendicular to
the reflection plane; this shape of tunnel is designated as bipoler.

For such a tunnel, no rigorous method 1is aveailable for determining the
Jjet~-boundary-induced upwash velocities at every point in the vicinity
of the model. In the cross-sectional plane containing the infinitesimal
lifting element, however, the boundary-induced velocities can be obtained
by the two-dimensional analysis of reference '{. In order to obtain the
induced wvelocities at other points, the assumption is made herein that
the ratio of the induced velocity at a point 1n a plane shead of or
behind the lifting element to that at & corresponding point in the plane
of the 1lifting element is the same in the bipolar tunnel as it is at the
corresponding spanwise position in a circular tunnel. This agsumption
appears to be valid, at least on the tunnel center line, on the basis of
comparisons made for tunnels of other shapes.

In addition to the determination of the Jet-boundary-induced veloci-
ties, the method is presented herein for using these velocities in com~
puting the corrections to be applied to the test data. Charts and tebles
are presented to simplify the computations and an example is given to
illustrate their use. For the bipolar tunnel, only one location of the
reflection plane is considered, but tables are given to facllitate the
computations for other locations.

SYMBOLS

2
A aspect ratio (g—)

wing 1lift coefficient

corrected rolling-moment coefficient for complete wing
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ACy,

A
ij
AC

ACp

AC

20

AC

corrected rolling-moment coefficient for semispan wing

rolling-moment coefficient for semispan wing corrected for
Jet-boundary-induced angle but not for reflection-plane
effect

uncorrected rolling-moment coefficient

Jet-boundary correction to drag coefficient
induced 1ift coefficient acting on quarter-chord line
Jjet-boundary correction to rolling-moment coefficient

one-half reflection—ﬁlane correction to rolling-moment
coefficient

pitching-moment coefficient

correction to pitching-moment coefficient due to distortion
of spanwise 1lift distribution

correction to pitching-moment coefficient due to induced
camber corresponding to the streamline curvature

Jet-boundary correction to wing pitching-moment coefficient

additional correction to pitching-moment coefficient due to
tail

complete correction to yawing-moment coefficient

reflection-plane correction to yawing-moment coefficient

yawing-moment-coefficlent correction due to jet-boundary-
induced aileron upwash and wing-lift distribution

yawing-moment-coefficient correction due to Jet-boundary-
induced wing upwash and aileron-1ift distribution

Jet-boundary-induced-upwash factor |
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induced-upwash factor due to compensated potential
induced-upwash factor due to uncompensated potential

Jjet-boundary-induced-upwash factor for positive value of o
Jjet-boundary-induced-upwash factor for ﬁegative value of o
Bessel function of first kind of order m

first derivative of Jp with respect to its argument

Mach number, ratio of free-stream velocity to sonic wvelocity

integral of upwash factor weighted by 1ift distribution (see
computing tables)

area of complete wing

free-stream velocity

local velocity in vicinity of wing
local velocity at tail
three-dimensional lift-curve slope

Pictitious lift-curve slope for antisymmetrical 1lift distribu- .
2 2
2+\/A2(B + tanA )+u
tions 0.22 a

2+ \/A2<Be " tan2A0.25) 16

span of complete wing
section chord

mean geometric chord (S/b)

. g /o
mean eerodynamic chord 3 cedy
0

sectlion 1ift coefficient
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Cz_b

Cg

Ct

]

section 1ift coefficient for basic 1ift distribution

root chord

construction tip chord
tunnel height

incidence of tail, degrees

longitudinal distance from one-quarter-chord point on wing
root chord to three-quarter-chord point on tall root chord

order of Bessel function

factor used in transformation of bipolar tunnel to circular
tunnel

longltudinal coordinate of sink or doublet

lfree—stream dynamic pressure <%pV2)

dynamic pressure at tail (%prg)

tunnel radius

lateral coordinate of lifting element

vertical coordinate of lifting element
Jet-boundary-induced upwash velocity

induced upwash velocity due to compensated potential

Jet-boundary-induced upwash velocity for Infinitesimal
lifting element

longitudinal coordinate

longitudinal distance from reference point to pitching-
moment axis

longitudinal distance from reference point to centroid of
induced 1ift on quarter-chord line
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lateral coordinsate

lateral distance to centroid of induced 1ift on quarter-chord
line

vertical coordinate

Jet-boundary correction due to wake displacement
strength of lifting element
sweep aﬁgle

sweep angle of leadling edge of wing
uncompensated potentlal of a unit doublet
compensated potential of a unit sink
uncompensated potential of a unit sink

one-half the induced angle of the wing wake at infinity,
radlans

Jet-boundary correction to angle of attack, degrees

additional Jet-boundary-induced angle at tail, degrees
(AGt - mj)

B=\1-M

angle used 1n transformation of bipolar tunnel to circular
tunnel, radiehs

Jet-boundary correction to downwash angle at tail, degrees
nondimensional vertical coordinate (z/r for circular tunnel)
nondimensional lateral coordinate (y/r for circular tunnel)
angular coordinate, cylindricel coordinate system

angular coordinate of lifting element

factor in argument of Bessel functions

taper ratio of wing (c,c /cs)
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& nondimensionsl longitudinal coordinate (x/r)

P mags density of air |

o nondimensional lateral coordinate of 1lifting element (s/r
for circular tunnel)

T ratio of increment in Jet-boundary-induced upwash velocity
to value at £ =0

8. compensated potential for infinitesimal lifting element

@, uncompeﬁsated potential (circular tunnel)

Ba edditional potential

! uncompensated potential (bipolar tunnel)

w radial coordinate, cylindrical coordinate system

w' radial coordinate of lifting element

Subscripts:

0.25 value along one-quarter-chord line

0.50 value along half-chord line

0.75 value along three-quarter-chord line

t value for tail

DETERMINATION OF JET-BOUNDARY-INDUCED-VELOCITY FACTORS
FOR INFINITESIMAL LIFTING ELEMENTS

Cloged Circular Wind Tunnels

The development given in reference 5 mekes use of the "uncompen-
sated" potential ¢u of an infinitesimal lifting element in free air
and the "compensated" potential ¢c of an infinitesimal 1ifting ele-
ment in a wind tunnel. For a closed wind tunnel, the compensated
potential must satisfy the condition of zero normal velocity at the Jet
boundary. The difference between these potentials ¢a = ¢c - ¢u is
called the additional potentiasl and must be a solution of Laplace's
equation, must be regular throughout the field of motion, and must
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venish at an infinite distance upstream. For a circular tunnel, a
function satisfying these conditions can be constructed with the aid of
Bessel functions.

Another consideration which aids in the computation of the induced
velocities is the fact, proved in reference 5, that the induced vertical
velocity at a point (x,y,z) is equal to the difference between the
value infinitely far downstreem and the value at the point (-x,y,z).

In the following derivation, it 1s convenient to calculate values of
induced velocity for negative values of x and subtract them from the
values at infinity to obtain values for positive values of x.

The coordinate systems used hereinafter are shown in figure 1. The
infinitesimel 1lifting element may be considered to be elther a U-shaped
vortex of infinitesimal span parallel to the y-axls with its trailing
vortices parallel to the x-axis or a semi-infinite doublet line parallel
to the x-axis with the axes of the doublets parallel to the z-axis. The
potential of & doublet line may be derived from that of a sink (negative
source) in the following manner. The uncompensated potential of a unit
sink located at the point (x=p,y=s,z=t) is given by the equation

o, = El,? 1 (1)
\[(x -0)2 + (y - 8)2 + (2 - t)2

The potential of a unit doublet with its axis vertical is obtained by
differentiating equation (1) with respect to t,

u=§ltu_ ] z -t 3/2 (2)
’+11:|Zx— p)2+ (y - s)2+ (z - t)é;l

The potentlal of the doublet line of 1ift pVI ds is obtained by inte-
grating equation (2) with respect to p and multiplying by I' ds

o]
¢u=I‘ dsA °u dp

T ds z -t
g, =

bt \/x2+(y-s)2+(z—t)2 [\/;2+(y—s)2+(z—-t)2-x]
(3)

]
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The campensated potential of a sink of strength ULn in a closed
circular tunnel of radius r 1s given in reference 5 in cylindrical
coordinates x, w, and 6 where y=wcos &, z =wsin o,

8 =w'cos 8', and t = w'sin 6'. The compensated potential of a unit
gink is given by the equation

1 ' oy _~tg(p-x) J-m("‘s‘D)'Tm("*'s‘D') P -X
Qc'n_ré;gcosm(e"e)es <1_ 2) 2 on?

K 21‘2 m (nsr)
(%)

where the Jm terms are Bessel functions of the first kind of order m.

The summation with respect to m extends over all positive integers;
the prime added to the > sign indicates that a factor of 1/2 must be
inserted before the term corresponding to m = 0. The summation with

respect to 8 for everyr m extends gver all positive roots of the
equation

Jm'(}csr) =0

where J ' nsr) is the derivative of the function J. ( ) with respect

to its argument. FEguation (4) is valid only for positive values of
p - x 8o that it is valid for p = 0 and the negative values of x as
used hereinafter.

By differentiating expression (4) with respect to t as in equa-

tion (2) and integrating with respect to p from O to o as in equa-

tion (3), the compensated potential of the doublet line is obtained for
6'=0, o' =8, t =0, as

P =ds Z Z e sin mé me(Ksa))Jm(Kss) (5)
7 m2 I— 2
<1 - K52r2>ics2s ]_Jm(nsrﬂ

The vertical velocity corresponding to the compensated potentiel is
obtained by differentiating - ¢ with respect to z. For the condition
6=0, o=y, z =0, the vertic,al velocity is ‘

BT ID A A/ I
= 5 <1_ g‘;) 28 [Ty (7))
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nr

I' ds
c=8, 9= %5 and & = £ yields the equation

Using the substitution F. = and the nondimenslonal coordinates

K TE m =) n(k ™), (nsro) 0
Zz ( 2.2 _ f)nd@m(nsrilz

The corresponding vertical-velocity factor for the uncompensated

potential is found by differentiating equation (3) with respect to z.
For the condition z =0, t = O,

P, = L (8)
bVE2 + (n - 0)2[\/;2 + (0 - 0)? e]

The induced-vertical-velocity factor due to the Jet boundary is the
difference between that for the compensated potential and that for the
uncompensated potential; that is,

F::FC—Fu (9)

Equations (7) and (8) are used only for negative values of &. Both
equations become infinite for & =0 and 1 = o but their difference,
equation (9), is finite and equal to one-half the value at infinity
(reference 5), which value is easily obtained as

F, = —* (10)
=0 4(1 - 90)°

Values of F for positive values of £ are then obtained by the
aforementioned relationship

Froo = Fyo - Fe (11)

£>0 7 T4=0 " “4<0

Equations (7) to (11) have been evaluated over a range of & from
~-2.0 to 2.0, o from -0.9 to 0.9, and 7 “from O to O. 9, and the values
of F are presented in table I. In evaluating equetion (7), values of
m up to 26 and s up to 16 were used where necessary to obtain con-
vergence of the series to the desired number of decimal places. For
€ =-0.2 and |[ol and 17 greater then 0.5, however, convergence was
not obtained and the values of F given were interpolated. The values,
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of the Bessel functions used in equation (7) were obtained from
reference 8.

For convenience in using the values of F as described herein-
after, the values of F were plotted against £ and o, and values of
€ and o for constant values of F were obtalned for the construction
of the contours presented in figure 2. Values of F for negative
velues of 1 can be obtained by changing the sign of o.

Closed Bipolaf Wind Tunnels

When a reflection plane is installed in a cirtular wind tunnel for
tests of semlspan wings, the tunnel, as well as the model, is reflected.
The complete tunnel, composed of that part of the circular tunnel con-
taining the model and the reflected part containing the reflection of
the model, becomes one of bipolar cross section as illustrated in fig-
ure 3. No rigorous method is avallable for determining the jet-
boundary-induced velocities in a bipolar tunnel except at infinity,
where the two-dimensionel transformation of reference T can be used or
in the plane x = 0, where the values of the induced vertical veloci-
ties are one-half the values at infinity. The assumption is therefore
made herein that T, the ratio of the increment in induced vertical
velocity at any value of & =% to the value for £ = 0, is the same
in the bipolar tumnel as it is in a circular tunrel for corresponding
gpanwise locatlions of the lifting element and the point at which the
velocity 1s to be determined (where correspondence is determined by the
conformal transformation of the circuler to the bipolar shape). This
assumption is believed to be approximately correct from a consideration
of the results in reference 4 for circular and elliptic tunnels. When
the values of T for each shape of tunnel are plotted as a function of
2x/h, good agreement is obtained, as shown in figure 4, along the longi-
tudinal center line when the lifting element is located at the center
of the tunnel. Similar agreement is indicated in reference 4 for other
positions of the 1lifting element. Inasmich as no transformation of
position is necessary on the center line, comparisons can also be made
with the values of T for rectangular tunnels as shown in figure k.
The maximm increase in T for the 2:1 tunnel over that of the square
tunnel is about 20 percent. The maximum breadth-height ratio for a
bipolar tunnel is 2:1, so that errors of the order of 20 percent may be
involved in the aformentioned agsumption. Such errors in the values
of T, however, would cause much smaller errors in the final jet-
boundary corrections. Since the height of a bipolar tunnel is the same
as that of the circular tunnel, it is assumed that the coordinate
E = %. is the same for either tunnel. The other coordinates are indi-
cated in figure 3 which represents the cross section of the bipolar
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tunnel and the unit circle into which it is transformed infinitely far
downstream where the two-dimensional conformal transformstion is wvalid.

The transformation of reference 7 may be expressed as

tenL(n + 1) = n pan~L ¥ 12 (12)
. r sin 7
where

n= X
“2(x - )

The distance 1 on the y-axis that corresponds to the distance ¥y on
the y-axis may be obtained by the relation

-1 _ -1 Yy
tan™"7n = n tan TEET (13)
Similarly,
tan™to = n tan~l — 5 (14)
r sin ¢

The vortices due to an infinitesimel lifting element are of the same
strength in each tunnel, but the distance ds between them in the
bipolar tunnel 1s transformed to the distance do 1in the circular
tunnel where

do — " a(1+ ?as (15)

2
r sin 7{1 + —2—
r2sin27

Although the reflection plane imposes the condition of symmetry
about the vertical axis, it is convenient to calculate the induced
velocities for positive s/r and later to add the velocities for nega-
tive s/r to obtain the symmetrical case. The uncompensated potential
in the circular tunnel is

g, = L2 % (16)
T (- 92 4y?

The additional potentlial necessary to compensate for the effects of the
boundary of the circular tumnel is due to image vortices located at 35
end may be expressed as
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r do ¢
- = 1
- Po - b 2x 2 22 (n
(1 -10) +0t
The sum of equations (16) end (17) is the compensated potential in

either the circular tunnel or the bipolar tunnel. The uncompensated
potential in the bipolar tunnel is

¢ 1 - I ds z (18)
u 2x (y - 8)2 + 22 .

The additional potential necessary to compensate for the effects of the
boundary of the bipolar tunnel becomes
¢ &9 ¢ 49
g - ¢u' _I'ads ds + ds 2
c = -
2 2 2 2 2 2 2
Tl -0f+tf @-10f+ PP 3-8tz

(19)

The vertical veloclity in the plane & =0 1is

l'a(¢c - ¢u’)

2 oz
which, for =z = 0, 1s obtained as

ot dg ot ao

(n-02 (1-10% (y-29)2

or

208 d0 23 4o
dz ds . dz ds 1

(-2 (1-102 (z-2f

1
Fe0 =%

(21)

r by

where %g is given by equation (15) and
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- n(1 + n°) (22)

r sin 7(1 + ——Efi——-
r251n27

Equation (21) becomes indeterminate at the points y =8 or n =20
but may be evaluated as

QIIOJ
N [ve

r2 QQHES 2
F . =il 9zds _ (1 - n) - (23)
E=0,y=8 L 2 . 2 2
(L -19)" 3 ginlyf1 + L
r251n27
If T is defined as
F
T =220 (2ha)
FE=O
or
F
T =1 .50 \ (2kp)
FE=O

values of T may be determined for a circular tunnel from the values
of F in table I. The values of T are assumed to be the same for a
bipolar tunnel as for a circular tunnel. Equations (24) may also be
used to determine values of ¥ for the bipolar tunnel from the corre-
sponding wvalues of F§=O‘ Values of T are presented in table II for
the symmetrical condition obtained by adding the values of F from
table I for positive o +to the corresponding values for negative o.
Values of F§=0 from equations (21) and (23) must be obtaiped for the
same values of n and o for which 7 1s obtained. The corresponding
values of y/r and s/r are obtained from equations (13) and (14) and
the values of F§=O for positive .s/r are added to the corresponding
values for negative s/r for the symmetrical condition. Contour plots
of F obtained in this menner are presented in figure 5 for a position
of the reflection plane equal to 0.49781r from the center line of a
clircular tunnel, corresponding to one of the values of reference 7.
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DETERMINATION OF JET-BOUNDARY CORRECTIONS

Determination of Induced-Angle Distributions for Finite-Span Wing

The derivetion of the Jet-boundary corrections for swept wings
follows, in many respects, that of reference 7 which -is limited to
unswept wings. The method of reference T was based upon the use of
finite-span horseshoe vortices and necessitated that the spanwise 1ift
distribution of the wing be broken into finite steps. Inasmch as the
method used herein is based upon the use of infinitesimal lifting ele-
ments, the jet-boundary-induced upwash angle, in radians, at any point
on the model can be obtained by the relation

1 c,C
- 5 gy gl2

where the values of F ere obteined from figure 2 or 5. The values

of & 1, and o (or &, y/r, and s/r) are so selected that the
lifting element is located at the point where the 1ift is assumed to be
acting, usually along the one-quarter-chord line of the wing.

If the spanwise 1ift distribution is symmetrical, equation (25)
becomes, for the additional 1ift distribution,’

w . s [hor 28 (262)
A = L (F,_+ T d(——) 68
VCL 1m12 0 CLC ( +0 O') b
and, for the basic 1lift distribution,
le, e
1 2
¥._8 b (F + F )d(—i) (26b)
v hnr2 o € +o° "-0/ \Db

For convenience, figure 6, taken from reference 9, is presented herein
c,C
for obtaining the additional loading coefficient —l_ for use in equa~

Crc

cy..¢ “L

tion (262). The basic loading coefficient ZP for twist due to
c

aerodynemic washout or the deflection of partial-span flaps may be
obtained by the approximate method of reference 10 or by the method of
reference 9. The induced upwash angle given by equation (26b) is
independent of 1lift coefficient and is usually small enough to be
neglected. 3
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If the spanwise 1lift distribution is antisymmetriéal, due to
aileron deflection, equation (25) becomes

1cse
-8 ‘ - 28
vgz T [o CqC (s F-U)d(b) (27)

For the reflection-plane condition, deflection of the ailerons produces
a symmetrical 1ift distribution as if both ailerons of a complete wing
were deflected in the same direction. For this case

1
W S cyC (25)
= F,,+ F_ )d(= (28)
= \T+o ~0

VG, hnrzt/Z— Ci8 ( ) b

c4C
The — distributions may be obtained by the approximate method of
Cyc
1

reference 10 or by the method of reference 11.

Compressibility Effects

First-order compressibility effects on the induced velocities and
subsequent corrections can be readily teken into account by considering
an equivalent wing in Incompressible flow instead of the actual wing in
compressible flow. The equivalent wing is obtained by multiplying all

chordwise dimensions by X according to the Glauert-Prandtl

1 -
transformation. The aspect ratio of the equivalent wing then becomes
equal to BA and the tangents of the sweep angles of the equivalent

wing are '%» times the tangents for the actual wing. Accordingly, in

obtaining the values of F for use in equations (25) to (28), the
values of £ must be increased by the factor B In these equations

and subsequent ones, the 1lift distributions used should be those for
the equivalent wing. Except for these modifications, the jet-boundary
corrections are calculated for high-subsonic speeds (subcritical) in
the same manner as for incompressible flow.

Derivations of Corrections

Angle of attack.- The Jet-boundary correction to the angle of
attack 1s due to the induced upwash angle at the three-quarter-chord
line of the wing. In the vicinity of the wing, the induced upwash
angle varies approximately linearly in the chordwise direction so that
an effective cember of the circular-arc type is introduced by the jet
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boundary. According to thin-airfoll theory the effective angle of
attack for an airfoll with circular-arc casmber is the angle at the
three-quarter-chord point. The induced upwash angle at each point
along the three-quarter-chord line is obtained according to equa-
tions (26). 1In order to obtain an average induced angle, which 1s the
angle-of-attack correction, the local induced angle must be weighted
according to the additional loading coefficient and then integrated
along the span. This averaging procedure is proved in reference 10
for unswept wings and is at least approximately correct for swept wings
also. For that part of the induced angle obtained by equation (26a),
the angle-of-attack correction is given by the equation

1 c.c
- v _1_ g2y :
Aay = 2T1.3Cg, ﬁ <ch> 0.75 C1F d(b ) (29)

The part of the induced angle obtained according to equation (26b) can
be averaged in the same mander but the correction so determined is usu-
ally negligible.

The angle-of-attack correction obtained by equation (29) is added
to the uncorrected or geometric angle of attack of the model.

Drag coefficient.- The Jet-boundary correction to the drag coef-
ficient is due to the 1nclination of the lift force by the induced
upwash angle at the one-quarter-chord point. The correction to be
added to the drag coefficient is the product of the 1lift coefficient
and the average angle, in radlians, along the one-quarter-chord line,

or
AC ~02/l <W> c2° d(‘?y) (30)
b, =% | o) Eid
5 o \Vor)y »5 CIF

Wing pitching-moment coefficient.~ A circularly cambered airfoil.
experiences (a) a lift, the centroid of which is at the one-quarter-
chord point and the magnitude of which is given by the airfoil slope
at the three-quarter-chord point, and (b) a pure couple, the magnitude
of vhich is given by the camber. The Jet-boundary correction to the
swept-wing pitching-moment coefficient may be correspondingly con-
sidered as (a) the moment resulting from the outward shift in the span-
vwise center of 1lift caused by the induced washin along the three-
quarter-chord line (this effect influences the pitching moment only for
a swept wing) and (b) the couple due to the induced .camber corre-
sponding to the streamline curvature. The first correction may be
determined by first determining the 1lift increment associated with the
induced angle along the three-quarter-chord line
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1 c.c .
AC; = 5T.3aCp f (l) S d(-zl) (31)
and then determining the lateral cent_er of pressure for this ACLl

36.48a

21, R o).,
b, 36.48a o CE b \b

A

57. 3aly,
ACT, 1 c,C
—58 f vw) madd) e
1 4 32:3%2 Jo L, 0.75 1°
A

which mekes use of the approximation derived in reference 10 for the
moment of the 1lift distribution due to twist. The longitudinal

_ distance of this center of pressure Xx; can then be found from the
wing geometry. Thus, if the root end of the one-quarter-chord line is
used @s & reference point,

X _2Yy1 b
=T ot tan 18.0.25 (33)

and the corresponding pitching-moment increment is

AC
- In 33 - %
Mo = o g (3

The correction ACme due to the couple is ‘

po o X050 % [y _ 2 TEANNNED
L L o [\VCyg <VCL> ctc \b
0.75 0.25

The total correction to the pitching-moment coefficient which is added
to the uncorrected value is

Aij = Ale + ACm2 - (36)
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Dovnwash angle.-~ For downwash surveys behind a wing, Jet-boundary
corrections must be applied to the measured downwesh angles. The Jjet-
boundary-induced upwash angle at any point in the horizontal center
plane is found from equetions (26) for which the lifting elements are
located along the quarter-chord line of the wing and the additional
lift distribution of the wing is used. For a specific tail location,
the induced-upwash-angle distribution is found along the three-quarter-
chord line of the tail and the average angle is obtained by the equa-
tion ) .

v l ! N '
v [C1€ 2y
A6y = 57.3C f 2\ = d(—— (37)
t L 0 <VCL>t Vt<§Lc>t bt.‘

where %L is found from the air-flow sufveyé'as L This angle is

t Vqt7q

added to the average downwash measured by the alr-flow surveys.

Weke displacement.- A jet-boundary correction must be applied to
each vertical distance at which the downwash angle and dynamic pressure
are measured by air-flow surveys in the tunnel. ILongitudinal distribu-
tions of the induced upwash angle are obtained from equations (26) and
the correction to the vertical distance is given by the equation

£/ w\v
AZ:CL‘é‘E <VC—L'>?'_dx . (38)

where the integration is performed from the traiiing edge of the wing
to the point at which the measurements are made.

Pitching-moment coefficient (model with horizontal tail).- For a
complete model with a horizontal taill, an additional jet-boundary
correction mist be applied to the pitching-moment coefflicient because
of the difference between the induced upwash angle at the tail and
that at the wing. The additional induced angle at the tail is given
by the equation A '

. bag =Ae - lmy (39)

The additional Jet-boundery correction, which is added to the previ-
ously corrected pitching-moment coefficient is given by the equation

- . S N
20, = tay (40)
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di
moment cogfficient_with +ail incidence.

Rolling-moment coefficient (circular tunnel).- The Jet-boundery

correction to the rolling-moment coefficient is the moment of the
increment in the aileron 1lift distribution due to the induced upwash
engle. . For a ¢ircular tunnel this increment is antisymmetrical in the
same manner as the 1ift distribution due to the deflected ailerons and
its rolling-moment coefficient is gilven by the equation, based on the
approximation of reference 10,

a
where —Eﬂ is the experimentally determined variation of pitching-

»

Cq. ' 1
1 1 - cyC
AC, = - 211 7. 38 - 'f <vg> L ?bl d(ﬁ) (41)
J 1 4 18.24a' Jo 1)0.75 CLE b
.- - A )
where (-1L> is obtained by means of equation (27). The corrected
- \¥Cy/0.75 : ,
value of the rolling-moment coefficient ig
ACZ .
‘ J
Cy = Cyu |1+ 5 \ (42)
Iy

Inasmich as the correction is proportional to the measured rolling-
moment coefficient, the same correction applles where only one aileron
is deflected as well as where both ailerons are deflected, one up and
one down.

Rolling-moment coefficient (bipolar tunnel).- Because of the

symmetry imposed by the reflection plane for a semispan model, the
increment in the aileron 1ift.distribution, due to the induced upwash
angle, 1s symmetrical. The rolling-moment coefficient of this incre-
ment 1s given by the equation

c 1 1
_ iy, 57.3a 36.48a W &1 ey €1¢ 2y .(2y
2y =3 L, 3648l A A <ch>0.75 CiE (b )‘/07 Ci€ b d(b >+
A
1 |
cyC
b @), HE® g
°© (Mous 2t 7

which is also based upon the approximation of reference 10.
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In addition to the Jjet-boundary correction, a reflection-plane
correction must be applied to the rolling-moment coefficient for a
C
1
semispan model. This reflection~plane correction E—Qv is independent
lg
of the shape of the tunnel and is equal to the ratio of the rolling-
moment coefficient per unit aileron deflection for a complete wing
(entisymmetrical 1ift distribution) to that for a semispan model
(symmetrical 1ift distribution). The reciprocal of this correction
2 ACy
was flrst given for unswept wings in reference 12 as 1 + L and
. : lc
may be also found in reference 7. The valldity of the use of the
unswept-wing values for swept wings has not been substantiated.

The completely corrected value of the rolling-moment coefficient
is
AC C

¢, =0, (14 —3) e (3k)
G ¥ 3 8

Yawing-moment coefficient (circular tunnel).- The Jet-boundary
corrections to the yawing-moment coefficient are defined as in )
reference 7 and are due to the interaction of the wing and aileron
lift and induced-upwash-angle distributions. The equations for these
corrections are

AC = - CLFIu ' W Elf.gl d(@z) (45)
2T T2 Jo (Ve 0.55 CIE P\
AC. = - oy fl <W > S 2y d(?-é’-) (46)
n * =3
3 2 Jo \"rjy o5 C° LA
2

Theoretically, an additional correction, proportional to CZ and due

to the aileron 1ift and induced upwash angle, should be applied. This
correction 1s usually negligible. The complete correction to be added
to the uncorrected yawing-moment coefficient is

AC, = AC, + AC, (37)

i~ 3

or, In terms of the corrected rolling-moment coefficient,
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c¢c, C.C ; . ‘
1 1 o
sy = B B, (48)
Y .
1+ —3
C-Lu
= t clent ols .- For a bipolar tunnel,
equations (45) and (46) became
Y 17 Lo\ c,C
Aoy = - 2 f U T (19)
Pp 5o (VCZ)O.25 Cre o (b ) |
and )
' c.c, S
L7t 1 cyC
Ao Lt f Y\ L& (50)
a3 L Jo (VCL>0.25 CiT b (b)

In addition to the jet-boundary corrections, a reflection-plane
correction must be applied to the yawing-moment coefficient for a semi-~
span model. This reflection-plane correction AC,  is independent of
the shape of the tunnel and is equal to the  difference between the self-
induced yawing-moment coefficient per unit aileron deflection for a
complete wing (antisymmetrical aileron distributions) and that for a
complete wing (symmetrical aileron distributions) for the seme 1lift
coefficient. This correction was first gilven for unswept wings in,
reference 12 and reproduced in reference 7. As in the case of the
reflection-plane correction for roll:l:ag-moment coei’ficient the valid-
ity of the use of the unswept-wing values for swept wings has not been
substantiated. The equation for ACnl is T .

A - CLCZ 1 cyc oy clc ﬂ.& d<2—y-) .
nl. : :'lp 0 CCZ »-CZCECLb b

\Cy,

‘ cc, o .
o - L1g f c1c oy’ czc fi_ 2y d(?_y_) . (51)
. ‘ N )y 0. C c CZS CZBC Cr.,/b \b ‘f‘ o - 1

o
Where CZ is used to identify the distributions of 1lift and induced
angle (in radians) for a complete model and C;, is used to identify
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those for a semispan model. The method of reference 13 can be used to
determine oy from the spanwise 1ift distributions of swept wings even

though this method was developed for unswept wings.

The complete correctlion to be added to the uncorrected yawing-
mament coefficient is .

L, =00, + A0, + AC (52)
n n, T %o, Dy
or, in terms of the corrected rolling-moment coefficient,
- -
AC
Sy + ACn3
A Gl G8
L1 1:\Cy
c J\ e
' L+l
2 Zs_

ILIUSTRATIVE EXAMPLE

In order to illustrate the procedure involved in the computation
of the jet-boundary corrections, the corrections for a complete model
in a clrcular tunnel are now determined. The determination of the
corrections for a semispan model in a bipolar tunnel would be very
similer except for the corrections to the rolling- and yawing-mcment
coefficients where equations (43), (49), and (50) must be. used instead
of equations (41), (45), and (46) and for the corrections to the ]
rolling-moment and yawing-moment coefficients due to the reflection

plane.

For the example 1llustrated, the wing had a leadihg-edge sweepback
of 47.72°, an aspect ratio of 5.11,. and a teper ratio of 0.383 and the
tall had a sweepback of 44,29° at the quarter-chord line, an aspect
ratio of 4.0l, and a taper ratio of 0.625 and was located with respect
to the wing so that the distance between the one-quarter-chord point of
the wing root chord and the three-quarter-chord point -of the tail root
chord was 0.787 times the tunnel radius. The constants used in the
camputations are glven in table IIT.
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In all the computations involving integrations, numerical integra-
tion is used. The integrating multipliers at the four spanwise statlons
used were determined by means of an application of Simpson's (parabdlic)
rule In the same masnner as that described in reference 13. The four
spanwise stations are those for which the values of loading coefficient
are given in figure 6 and are equally spaced with respect to the angle

cos™L 2Y, The symmetrical 1ift distributions for the wing end tail
were obtained from figure 6 and the antisymmetrical 1ift distribution
for the wing with deflected allerons was obtained by the approximate
method of reference 10.

Computation of Jet-Boundary-Induced Angle -

Tebles IV to IX present the computation of the Jet-boundary-
induced-angle distributions along the one-guarter-chord line of the
wing, along the three-quarter-chord line of the wing, and along the
three-quarter-chord line of the tail. In table IV, the values of o
correspond to the spanwise stations at which the values of the loading
coefficient are obtained from figure 6. For each combination of o
and 7, the values of & are determined by the equations given at the
bottom of table IV and the corresponding values of F are obtained
from figure 2 and tebulated in table IV. In tables V to VII, the
values of F for negative o. are added to the values for positive o
and the values of 7%— are obtained according to equation (26e).

Table V is for the onquuarter;chord line of the wing, table VI is for

the three-quarter-chord line of the wing, and teble VII is for the

three-quarter-chord line of the tail. The values of V%E thus obtained

are plotted in figure 7 as a function of ﬂ1] which is equal to %I.
maex

In table VIII and IX, the values of F for negative o .are subtracted
from the values for positive o and the values of vg— are obtained

: 1
according to equation (27). Table VIII is for the one-quarter-chord
line of the wing and table IX is for the three-quarter-chord line, The

values of, \Tg— thus obtained are plotted in figure 8.
1

Computation of Jet-Boundary Corrections

Angle of attack and drag coefficient.- Table X presents the compu-
tation of the jet-boundary corrections to the angle of attack and to
the drag coefficient according to equations (29) and (30), respectively.

For this table, the values of V%E are read from figure 7 at each of

the spanwise stations for which values of the loading coefficient have
been obtained.
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Pitching-moment coefficient.- Table XI presents the computation of
the jJet-boundary correction to the pitching-moment coefficientwfor the
wing-alone case according to equation (36). The values of (==

0.75
and <-E¥) - (—E—) are obtained from the values given in
VCLJo.75 VCLJo.25
20 X

teble X. Values of ACr., —=, and .

1 b c
tions (31) and (33), respectively. The value of ;9 is given and the
value of Ale can be obtained according to-equation (34). For the

purpose of determining this correction, the experimental value of the
wing lift-curve slope & should be used. Sufficient accuracy is

obtained, however, by using the approximate value of & as given by the
equaetion

are obtained according to equa-

a A 0.1097A (54)
2 + \jAQ (B2 + tan2A0.25) + 4

which includes the edge~velocity factor as used in reference 10 for
symmetrical 1lift distributions, but modified for compressibility
effects. The value of ACm2 is given by equation (35).

Table XITI presents the computation of the jet-boundary correction
to the downwash angle accarding to equation (37) and the additional
correction to the pitching-moment coefficlent for the wing-plus-~tail
configuretion according to equations (39) and (L0).

Rolling-moment and yawing-moment coefficients,~ Table XIII presents
the computation of the jet-boundary corrections to the rolling-moment
coefficient according to equations (41) and (42) and to the yawing-
moment coefficient according to equations (45) to (48). The approxi-
mate value of a' glven by the equation

at s 0.1097A

(55)

2+ Va2 (g% + tanAg p5) + 16
is used in equation (41).

For a semispen model in a bipolar tunnel, the moment multipliers
in column mist be divided by 2 to take into account the different
constents in the denominators of the equatlons for AC,,, Acne,

and ACHS. Furthermore, equation (43) must be used instead of equa-
tion (hl) and the reflectlion-plane corrections must be added.
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CONCLUDING REMARKS

A method is presented for determining the Jjet-boundary corrections
to be applled to test data for complete and semispan swept wings In
closed clrcular wind tunnels. The corrections for angle of attack and
for drag, pltching-moment, rolling-moment, and yawing-moment coef-
ficients are 1llustrated in detail in simplified computing forms.

Langley Aeronautical Laboratory
National Advisory Commlttee for Aeronautics

Langley Field, Va., March 21, 1951
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TABLE I.- BOUNDARY-INLUCED-UFWASH FACTOR, F = FTS" AT POIRTS (E,n) DUE TO

TNFINITESIMAT, LIFTIRG ELEMENTS LOCATED AT POINTS (0,a)

() n=0
F

— _ . ,
e 0,9 (0w =0.8|0=~0.T|0dga-0.5]|0=«0.2 o= 0 0= 0.2|0c=0.5|0=07Tl0=0.8|0=0.9
2.0 | ~0.0079 | ~0.0070 | ~0.0062 | -0,0049 | -0.0036 | ~-0.0034 | -0.0036 | ~<0.0049 | -0.0062 | -0, 0070 | -0,0079
-1.8 -. 0062 -, 0050 -. 0040 -, 0022 -.0007 | -.0003} -.0007| -.0022| -.00k0 [ -.0050 | -.0062
-1,6 -, 0015 . 0001 0016 . 0040 . 0062 . 0066 . 0062 .00ko L0016 . 0001 . 0015
-1,k . 0060 .0083 .0103 .0136 L0165 .0170 .0165 .0136 ,0103 . 0083 . 0060
-1.2 L0176 .0206 .0233 . 0275 .0312 .0319 .0312 L0275 .0233 L0206 L0176
~1,0 .03k8 .0386 .ol19 LOLTL . 0515 .0523 L0515 obk71 . 0k19 .0386 .0348
-.8 . 059k . 0639 L0877 .0735 L0784 .0793 0T84 .0735 LO6TT .0639 . 0594
-.6 .0932 L0979 .1018 L1077 .12k L1133 .12k . 1077 .1018 .0979 .0932
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1.k . holo o1y L1897 .1864 L1835 .4830 .4835 L1864 L4897 Lo1T . 4oko
1.6 L5015 .1ogo LhoBlh ,Logo Jhoag | o3k | ke38|  hofo | Lko8L kogg | . m015
1.8 5062 . 5050 5040 . 5022 . 5007 . 5003 . 5007 . 5022 . 5040 . 5050 . 5062
2.0 . 5079 . 5070 5062 .50kg . 5036 . 503k . 5036 . 5049 . 5062 . 5070 . 5079
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TABLE I.-~ BOUNDARY-INDUCFD-UPWASH FACTOR F - Continued
(b) 1 = 0.2
F
: 0=w0.9|0=-08|0=-0,T|0=-0.%5|0=-0,2| ¢=0 |0=20.2!0=0.5|0=0T{oc=08|c=0.9
-2,0 | -0.,007% | -0.0067 | -0.0060 | -0.0048 | -0.0038 | -0,0036 | -0,0040 | -0.0054 | -0.0069 | ~0,0078 | -0,0088
-1.8 ~.0058 -, 0048 -.0039 -, 0024 ~.0009 | -.0007| ~-.0010| -,0027; -.0046 | -,0058| ~.00TL.
~1.6 -.0015 -.0001 0012 . 0034 . 0056 . 0062 . 0060 0038 .0013 | -.0004 | ~,0022
-1k . 0051 L0071 0050 L0121 . 0154 , 0165 L0164 L0140 L0107 .C085 . 005G
-1,2 L0170 LOLTT L0202 L0246 .02k ,0312 L0317 .0293 .0253 . 0225 L0192
-1.0 .0291 .0326 .0358 Lokt 048k .0515 .0530 0516 LO4Th .oy L0400
-.5" .oh83 . 0526 L0567 L0642 L0735 L0784 L0817 .0827 LOTok , 0763 ,0T18
-.6 L0734 .0785 L0834 L0927 ., 1051 L1124 . 118§ .12l . 121@ L1opk L1190
-k .10k .1101 L1157 L1267 1li29 .1535 . 1636 L1773 .1836 . 1853 . 185k
-.2 L1397 L1073 L1526 1672 1854 . 2001 .2151 .2h18 . 2566 . 2652 . 2726
0 . 1795 .1858 152k 2066 .2311 . 2500 .2713 . 3086 .3380 .3543 . 3718
.2 LP19% L2243 .2321 2461 2769 2959 .3275 .3755 L41gh Jglisl L4710
n L2547 . 2615 2690 2865 319h .3465 .3789 Ty o) Lhgal . 5233 .5
.6 .2857 L2931 3013 3206 .3572 . 3876 Lipho . 4929 L5517 . 5862 L6246
.8 .3108 . 3189 . 3280 . 3490 . 3887 L4216 L4609 .5346 . 5966 6324 .6718
1.0 .3300 3390 . 3489 3716 L4138 585 . 4896 . 5657 .6287 L6645 .T036
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1.6 ,3606 . 3717 .3835 .4oo8 L4566 .1938 . 5366 L6134 .67h8 . 7050 L7hs8 |-
1.8 . 3649 L 376 . 3887 .3156 630 . 5007 .5435 . 6200 L6807 rapit . T907
2.0 . 3665 .3782 . 3907 1180 661, . 5036 . 5465 L6227 L6829 . T164h .ok
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TABLE I.~ BOUNDARY-INDUCED-UFWASH FACTCR F - Comtimued

(¢) n=0.5

-0.9 |[a=-0.8l0d==0,7T|0=-0,5|0=-0.2 00 |0=m0.2|0=0.50c=0.T|o=20.8

I 1111

Lo P PpERERTD

PECOON & DO

OOMNRFRNODOEN
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D e e
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TABLE I.- BOUNDARY-INDUCED-UPWABH FACTOR F - Continued -

(d) 7 = 0.7
F

3
c=-0.9 |0=-0,8|0=m-0.T|lo==0.5|0=-0.2|] 0=20 [ ¢=0,2|c=0.5|0=0T]o=08]|c=0.9
-2,0 | =0.0076 | -0.0072 [ ~0.0Q069 | -0.0063 { ~0.0060 | -0.0062 | <0.0069 | ~0.0089 | ~0.0108 | -0.0119 | -0.0132
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~1.6 ~.0036 -. 0027 -, 0019 -, 000k L0012 , 0016 L0013 | -.0012| -.0045| ~.0066 | -.0080
-1,k , 0009 . 0022 .0035 . 0059 , 0090 .0103 0107 .0086 .00k6 ,0017 | -.0017
-1.2 .00Th .0092 L0111 .01k9 . 0202 .0233 . 0253 . 0250 .0208 .01TL .0123
-1,0 .0160 .0187 .0213 . 0269 .0358 .0l19 O Th L0520 . 0455 .0L56 .0393
-.8 L0272 .0308 L0345 L0425 L0567 L0677 L0794 L0957 . 1004 . 0984 . 0920
-.6 L0411 .0L57 .0507 . 0620 .083h .1018 L1243 L1651 .1911 .1993 . 2001
-4 L0572 .0630 0695 L0847 L1157 L 1lhT .1836 .2699 . 3501 L3941 .4329
-2 .0766 &, 0821 £,0903 .1106 . 1526 . 1951 . 0566 Jabt | @.611h | 8, 7602 . 9397
) L0941 .lo27 .1126 L1372 . 16924 . 2500 . 33580 . 91T L9612 1,2913 | 1.8262
.2 ,1116 | &,1233 | 38,1349 .1638 2321, . 3049 J1os | 7687 | ®1.3110 | 81,8224 | 2.7126
A ,1310 L1255 . 1558 . 1897 ., 2690 .3553 ook L9135 | 1.57e2 | 2.1886 | 3.219%
.6 1470 . 1597 L1745 .2124 .3013 .3982 .5517 | 1.0184% | 1.7312| 2.3833| 3.L45e2
.8 . 1609 LATAT ,1908 .2318 . 3280 Jh323 .5966 | 1.0877| 1.8219| 2.4842 | 13,5603
1.0 L1721 .1868 .2039 L2475 . 3489 L4581 .6287| 1.1314| 1.8728| 2.537L| 3.6130
1.2 .1808 .1962 2141 . 2595 . 3645 767 L6507 1.1584 | 1.9015| 2.5655 | 3.6400
1.k .1872 .2032 , 2017 . 2684 .3758 4897 6654 | 1,179 | 1.9177| 2.5809 | 3.6540
1.6 .1918 .2082 2271 L2THT ,3835 o8l L6TH8 | 1.1847) 1.9268| 2.5892 | 3.6613
1.8 . 1948 .211% .2307 . 2750 . 3887 . 5040 L6807 1.1903| 1.9317| 2.5935| 3.6648
2.0 L1958 L2127 .2321 . 2807 . 3907 . 5062 .6826 ] 1,1923| 1.9331} 2.5946 | 3.6655

8yalues determined by Legrange's imterpolation formule because of slow convergence of equation (7).
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TABLE I.- BCUNDARY-INDUCED-UPWASH FACTOR

F - Concluded

(e) n =0.9
F
. g F
g =<0.9|0 = -0.8|g = =0.T|g = -0.5{0 ==0.2| 0 =0 |0 =0.2|06=05|0g=0.T|g =0.8[{g=0.9
-2.0 [ -0.0081 [-0.0079 | ~0.0076 | -0,00T4 [ -0,0074 | -0.0079 | -0.0088 | ~0.0111 | ~0.0132 | -0,0143| -0.0156
-1.8| ~.00T3 | ~.006G | -.0066 | -,006L | -.0058 | -.0062 | =-.00TL| -.0098 | -.0125| -.01k1| -.0159
~1.6| ~.0048 | ~.00k2 | -,0036| -.0025 | -.0015| ~-.0015| -.0022| -,0053! -.0090!| -.0113 -,0139
~l.h ] -,0011 | -.0001 L0009 |  .0028 . 0051 . 0060 . 0059 L0029 | -.0017| -.0050| -.0088
-1.2 .0043 .0058 L0074 . 0105 L0150 L0176 , 0162 L0177 .0123 . 0079 . 0023
~1.0 L0116 0138 L0160 [ .0210 .0291 .0348 . 0400 . 0436 .0393 .0338 . 0257
-.8 .0209° o2ko L0272 .0346 .0h83 . 0594 .0718 . 0850 . 0920 .0875 L0770
-.6 L0325 L0366 | .okl .0518 L0734 .0932 L1190 .1689 . 2001 . 2066 .1997
-k .ol65 .0511 .05T2 .0719 L1084k .1373 . 1854 . 3068 . 4329 . 5006 . Bh76
-.2 | %.0616 | B.0672 L0766 | ,0939 | .1397 | .1908 | .2726| .5280 .9397 | #1.4kg0 | 82,5968
0 L0763 L0845 o9kl | L1189 | .1795 . 2500 . 3718 .826L | 1.8262 | 3.1888| 6.9252 |
21 8.0910 | 2,1018 [ 1116 11+39 L219% [ 3092 | L4T10| 1.1249 | 2.7126 | B4, 9286 [811.2536
b L1061 1179 .1310 . 1659 LO54T . 3607 5582 1 1.3%81 | 3.219% | 5,8770{ 13.3028
.6 .1201 1304 L1470 . 1860 . 0857 . 6246 1.4840 | 3.4522 | 6.1710| 13.6507
.8 L1317 1451 . 1609 .2032 .3108 Jho6 | L6718 | 1.5639 | 3.5603 | 6.2901) 13,7734
1.0 LB L1553 L1721 | L2169 . 3300 L4652 .7036 1.6093 | 3.6130 | 6.343T7| 13.824T
1.2 .1483 1632 . 1808 L2273 .34k 482k LTk | 1.6352 | 3.6400 | 6.3696| 13.848p
LAy 1537 1691 | 1872 .2350 | .3539| L4940 | .7377| 1.6499 | 3.6540 | 6.3825| 13,8592
1.6 L1575 1732 .1918 .2ko3 . 3606 . 5015 .7h58 | 1.6582 | 3.6613 | 6.3889| 13.8643
1.8 . 1600 ., 1760 1948 2439 | L3649 . 5062 LT50T | 1.6627| 3.6648 | 6.3917! 13.8663
2.0 . 1608 1769 .1958 . 2450 . 3665 . 5079 752k | 1.6640 | 3,6655 | 6.3919| 13.8660

A¥alues determined by Legreange’s interpolation formila because of slow convergence of equation (7).
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TABLE IT.- VAIURS OF T AT POINTS (&,n) DUE TO
INFINITESTMAL LIFTING ELEMENTS LOCATED
AT POINTS (0,10)

-
n 13
c=0 oc=0.2 o= 0.5 o= 0.7 o= 0.8 o= 0.9
o] o o} 0 o} o} o} o}
.2 L1971 .1996 .2081 .2195 2272 .2370
b .3831 .3861 Lhoik b1l Jh3kk 1508
.6 .5466 .5502 . 5691 .5926 .6083 6271
.8 .6828 .6865 . T059 .T293 . Ths5 . 7624
1.0 . 7908 .ok .8117 .8325 L8457 .8609
1.2 872k .8753 . 8500 .9070 9176 9266
1L .9319 .9341 L9457 . 9759
1.6 -9734 9751 .5838 .9936 .9995 1.0060
1.8 1.001% 1.0026 1.0090 1.0159 1.0201 1.0247
2.0 1.0135 1.0145 1.0195 1.0249 1.0281 1.0316
0.2 0 s} 0 0 0 0 o
.2 .1996 .2030 .2063 .2285 2362 2522
9! . 3861 .3899 4100 4356 k530 Tl
.6 . 5502 5547 .5788 . 6084 .6280 .6512
.8 .6865 . TLL9 .Th33 . 7613 . 7822
1.0 .T9h1 . 8191 L8431 .8580 L87hT
1.2 .8753 .8786 .8954 L9141 . 9255 .9379
1.h .93 .9366 9493 .9630 9711 9799
1.6 .9T51 .9769 .9859 .995% 1.0009 1.0068
. 1.8 1.0026 1.0038 1.0099 1.0161 1.0197 1.0234
2.0 1.0145 1.0154 1.0198 1.02h3 1.0268 1,0294
0.5 o} 0 o} 0 s} 0 o}
.2 .2081 .2063 - hly g .2793 . 3066 .3h21
! .hoak .00 4559 5135 . 5525 . 5954
.6 . 5691 .5788 . 6296 .6885 . 1254 . 7666
.8 . T0%9 .T1k9 . 7609 .8103 .83% . 8692
1.0 .81t .8191 .8553 8918 L9117 L9317
1.2 . . 8954 .9210 .6453 .9580 .9702
1.L .Sh57 . 9493 9655 .5801 .9873 . 9939
1.6 .9838 .9859 .9948 1.0022 1.0056 1.0083
1.8 1.0090 1.0099 1.013% 1.0158 1.0165 1.0168
2.0 1.0195 1.0198 1.0208 1.0208 1.020% 1.0195
0.7 (o} 0 o} ‘0 o} 0 0
.2 .2195 .2285 .2793 .3466 .3957 707
b Jh21) L4356 .5135 . 6092 L6721 T
.6 . 5926 .608% .6885 .TT48 .82k2 874
.8 .T293 .Th33 .8103 .87h4 .9073 .9379
1.0 .8325 L8431 .8918 .9340 .9539 L9712
1.2 . 9070 .G141 .5453 .9703 .9811 9897
1.h .9588 .9630 .9801L .992% .9972 1,000k
1.6 .9936 . 9954 1.0022 1.0059 1.0067 1.0066
1.8 1.0159 1.0161 1.0158 1.0139 1.0121 1.0100
2.0 1.0249 1.0243 1.0208 1.016% 1.0138 1.0108
0.9 0 0 0 0 o] o} 0
.2 2370 2522 .3he1 707 .5368 6203
R'3 L4508 b7k . 599k . .8315 9151
.6 .62TL L6512 . 7666 .87 9257 .
.8 .T62% . 7822 .8692 .9379 . .9860
1.0 .8609 .8ThT .931.7 . .9855 . 9947
1.2 . 9296 .9379 . 9702 .9897 .9958 .9991
1.k L9759 L9799 .9939 1.000% 1.0015 1.0014
1.6 1.0060 1.0068 1.0083 1.0066 1.004T 1,0027
1.8 1.0247 1.023% 1.0168 1.0100 1.0064 1.0033
2.0 1.0316 1.0204 1.0195 1.0108 1.0068 1.003%
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TABLE III.- CONSTANTS USED IN COMPUTATIONS FOR

ILLUSTRATIVE EXAMPLE

B = 1.00

A =511
Ay = b0l

A = 0.383

Ay = 0.625

a ® 0.0587 (from equation (5%))

at & 0,0544 (from equation (55))
tan Ay = 1.0999

tanA0.25 = tan Aj - % (L - 2) =1.0125

C
tan A g = tan A - ,.D_B' (1 -2) =0.9251

tan Ay oo = tan Ay o - ;-g (1 - ) =0.8377
tan(Ao.,.{5)t = tan 40° = 0.8391

= = 0.1

..2%= .396

29-1.095

22 = 0.186

e §l787 \

L 0.9}88'

llf’—- = 9.0268'
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TABLE IV.- DETERMINATION OF INDUCED-UPWASH FACTOR FOR ILLUSTRATIVE EXAMPLE

EB = 1.0; values of F obtalned from figure 2]

1=0 7 = 0.2 7=0.5 n=0.7 1 =20.9
28 4
b %Egr_ 3 F £ F 3 F E F 3 ¥
(1) (1) (1) (1) (1)
Fo.25

Eta.n Ay o5 = 1.0125’7]

0.9239 {0.606 |-0.61% {0.102 |-0.411 [0.17T7 | ~0.107 [0.435 {0.095 | 0.870
LTOTL | 46k | - 470 | .135 | ~-.26T7 | .215 .036 | M0 | .239 | .730
.3827 | 251 | ~.254 | .187 | -.052 | .262 252 | k20| 455 | .560
0 0 o .250 .203 | .300 .506 | .312 | .709 | .M418
-.3827 |-.251 | ~.254 | 187 | -.052 | .21k 252 | 2k | 455 259
-.TOTL |-.b64 | ~.b70 | .135 | -.267 | .155 .036 | .1711 | .239 ]| .17%
-.9239 |~.606 | ~.61% | .102 | -.411 | .118 | -.107 | .132 | .095 | .13k

Fo.75
[3
Ez-rﬁ = 0,186; ta.nAo-75 = o.837ﬂ

0.9239 10.606 |-0.428 |0,145 | -0.260 |0.227 | ~0.009 | 0.510 | 0.159 | 0.950
LTOTL | W64 | -.28% | .178 116 | .265 135 | .5007] .302| .790
.3827 | .251 | ~.068 | .235 .099 | .305 .351 | 455 ] .518) .580
o 0 L186 | .295 .353 | .335 .605 | .392( .TT2| k25
-.3827 |-.251. | ~.068 | .235 .099 | .2h8 .351 | .263| .518 | .268
-.TOTL |-.k64 | ~.284k | .178 | -.116 | .185 135 | .187| .302 | .18L4
-.9239 |-.606 | ~. 428 | 145 -.262 | .14T| -.009 ] .146]| .159| .142

Fe

p
];_B. = 0.787T; tan(Ao- 75)t = o.839£|
0.860

0.9239 {0.606 | 0.173 (0.297 | 0.341 |0.k47 | 0.593 (0.

.TO07L | .46h .317 | .330 A85 | b5k .T37| .738
.3827 | .25 533 | .375 LTOL | b5k .953 | .5%4
0 o] 787 | .418 .955 | 43| 1.207 | .h469
~.3827 [-.251 .533 | .375 .T0L | .367 .953 | .349
~.TOTL {-. 46N .317 | .330 85| .305 .T37 | .270
-.9239 | -.606 173 ) L297 341 | .266 .593 | .226

lpor Fo.o50 & =%-l_£11 - |o|)tan 1&0‘25]; W

o
for Fo s & = %(-&E‘- + 7 tﬁon..75 - |of tanAO.25);

7
for F, & = %»E%+ 17 tané‘;o..r,)-)t - |o] ten g 2—,.




TABLE V.~ CALCULATION OF INDOCED-ANGLE DISTRIBUTION ALONG (NE-QUARTER-CHORD LINE OF WIRG
FOR ILIUSTRATIVE EXAMPLE, SYMMETRICAL LIFT DISTRIBUTION (BQUATION (26a))

E—“S? = 0,0268; 0, = 0.656]

— iy — — —_ o —

@6 ® |6 |6 |0 | 6| ®| ! @| 6| 6

o Rt Fog ilg. ®x@B®x® @x@‘X@xCDmm
28/b | o (tatile IV) cre ol e 0 [5=02|1=05|1=07|n=09] Liter
n=0ln=0.2]5=0.5[g = 0.7y = 0.9 [(F1& 6)
0.92390,60610,204| 0,295 | 0.56T7 | 1.004 0.607 | 0.1238 | o.1791 | 0.3#k42 0. 6094 0.20037
LTOTL| 464| 270 .370 .611 .905 oTh L2630 . 3604 L5951 .8815 .18512
.3827| .251| 37| W76 | .664% | .B19 1,143 | Lhke7s Lohk] . 7590 . 9361 . 4837k
0 0 .500| .600 | .ThHA | .B836 1.111 | .55%5 . 6666 . 8266 .9268 .13090

o |
(Z@® x®@ | Yrio.zs

n . to ﬂ/“maz
q ——

209 | b ot () eantast A
0 0.3530 0.0095 0 \YCL/ 6. o Vs
.2 531 .0121 . 305 5
.5 .68Ls . 0175 .T62
T 8597 .0230 1.067
.9

#Ghe NI VovN
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TABLE VI.- CALCULATION OF INDUCED-ANGLE DISTRIEUTION ALONG THREE-GQUARTER-CHORD LINE OF WING

FOR TLLUSTRATIVE EXAMPLE, SYMMETFRICAL, LIFT DISTRIBUTION (BRUATION {(26a))

= 0,0268; Nppg 0.656:[

————

B
‘ brr?

Q|| ® | 6| 6®|® © @ O @ Q| &
cqC
o ¥-g o @x®@x®®xB|®x ®|® x @fms-
28/p | o (tadlazv) | F | .0 | n=02l9=0511007]|nc00| plier
(fig. 6) S o e :
1 =0|n=0.2n=0,5n=0.7T|g=0.9
0.9239{0.606(0.290! 0.374% | 0.656 | 1.092 0.607 | 0.1760 | 0.2270 | 0.3982 | 0.6628 p. 20037
LT07L] Ju64| .356] JLs0o | L687 | .oTh L9TH | L 3h6T 4383 . 6691 .9487 . 18512
3827l W25 Jbro| .553 | .78 | .8u8 1143 [ L3372 .6321 .8207 . 9693 .4837h
0 0 .59 .6T0 . T84 .850 1.111 .6555 L Tk .8710 Ol .13090
“TRAGA
5 Q (_v_
(28 x@|\ew)y y
Tesxe) ) |
| K 1;,1.2) Plot (%) agelost q/n. .
0 0. 4Ly, 0.0119 0 0.75
.2 . 5298 L0142 .305
.5 CTINT .0192 .T62
T . 5009 L0241 1.067
-9

gt
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TABLE VII.- CAICUIATION OF INDUCED-ANGLE DISTRIBUTION ALONG THREE-QUARTER-CEORD LINE OF TATL,

SYMMETRICAL LIFT DISTRIBUTION (PQUATION (26a))

!:Ti—e'" 0.0268; g, 0.235]_

®

ORICANORRCEINC @ ©) @ @ ) Q| @
F(’Igb;F}g) ﬁ% BxBOxB®O®x B ®x & ® x @ yrse.
28/b g ‘ ‘L n=0 M=02[ =05 1a0,7| 7=0.9| plier
—1(fig. B)
M=0{1=20.2[1=0.5[n=0.T| = 0.9
0.9239|0.606]0.594 | 0.713 | 1.086 0.607 | 0.3606 | 0.%328 | 0,650 0. 20037
LTOTL| Ju84| L6680 .79 | 1.008 L9 . 6428 .7393 .9818 . 18512
.3827! .251| .80 .821 .G43 1.143 .8573 .9384 1.07T8 . 48374
0 o} .836| .886 .938 1,111 .9288 .98k3 1,0k21 . 13090
T(_v_)
(Z@ @ v.GL t I
1 Tl/’lma.tt
Z® ®) (Q hxr:) ‘
Plot (-v%-) sgainot “/nmax'
0 0.7275 0.0195 0 L/
.2 . Bosk .0216 .837
.5 . 9716 . 0260 2.092
.7 )
.9

H#She NL VOVN
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TABLE VIII.~ CALCULATION OF INTACED-ANGLE DISTRYBUTION ALONG ONE-GUARTER-CHORD LINE OF WING,

ANTISDMMHTRICAL LIFT DISTRIBUTION (PQUATION (27))

B _ . 0,0068; - 0.655] ’
[1&112 "mex

@ | ® ® | G| ®| O ® ® @ @ @ Q| @
CrC
%o = P T I OxOOx®|Ox®|®x ®®x @ mu
28/b | o (table IV) {mathod of na0 M=02| =05 |n=07T]|n=09 plier
reference 10)
N =0|n=0.2\n=0.5%n=0Tm = 0.9
. | 0.9239{0.606| 0 | 0.0%59 | 0.303 | 0.736 5. 52 0 0.3288 | 1.6732 | k.ofke 0.20037
LTOTL| LMEk| 0| 060 | .269 | .55 6.362 0 .3817 | 1.711k | 3.5309 .18512
- .3827| .25 O 048 | 176 | L300 .83 0 .0376 1378 .2357 L4837
o o o lo 0 0 .0 0 0 ) 0 . 13050
< [
(> @ x @ 7-50.25 y
1 to (q -—) Tmex
D | 0 x @) |V ,
ot (2 .
0 0 0 0 Fl (Wz)n - sgednat /iax
.2 L1541 . 0041 305 M
5 < TL8T .0193 .62
T 1.3820 .Ohoh 1.067
.9 )

yGHE NI VOV
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TABLE IX.- CALCULATION OF INDUCED-ANGLE DISTRYBUTICN ALONG THREE-QUARTER-CHORD LINE CF WING,

ANTTSYMMETRICAL LIFT DISTRIBUTION (EQUATION (27))

2 __ 0.0088 -0.65E|
lre? } "max _

@ |l ® | | © | ® ® @ @ @ © @
aa/n o f:-:r:nF—o“ %}—; x@@x@@x@x@@x@m&?-
A T (metiod oz | MO [N=0.2|7=05| =07 [g=o0.9]| PHer
'l.=‘°ﬂ=°911'0511='0-7n=0.9 raference 10)
0.%239|0.606| © 0.080 | 0.36% | 0.808° 5,522 o} 0.818 2,0100 4 L4618 0.20037
LTOTLL B8R O .080 <313 . 606 6,362 0 ﬁ 1.9913 3.8521‘ 18512
.3827] .25 O .07 .192 . 312 .T93 0 . .1503 =) L4837k
0 0 0 0 0 0 0 0 0 0 0 . 13090
*iiil!lin"pr
: (7%;)
(Z@ % (9 10,75 /
n to (Q _%) 1/ M
=@ x ) 4
Plot (—L) against /g,
0 0 0 0 YC1lo.75
.2 .2043 . 0035 .305
.5 L8kl . 0226 .T62
T 1. 7259 .0%63 1.067
.9

Hohe NI VOVN
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TABLE X.-~ JET-BOUNDARY CORRECTIONS FOR ANGLE OF ATTACK AND DRAG

(EQUATIONS (29) AND (30))

@\ ® ©) ® ® ® @
S - W
P (VCL> (VC—L)
2y/b CLc 0.25 0.75 @ X @ @ X @ Multipliers
(fig. 6)| (fig. T7) | (£ig. T)

0 1.111 | 0.0095 0.0119 0.0106 0.0132 0.13090
.38271 1.143 . 0128 .01k9 L0146 .OL70 L4837k
.TOTL LOTh . 0166 .0182 . 0162 LOLTT .18512
.9239 .607 .0201 .021) .0122 .0130 .20037

g =573 | > @ x @] ¢, = 57.3 (0.0158)cy, = 0.905Cy,

ACp, = [Z@ X @]cl? = 0.0139¢,2




TABLE XT.- JET-BOUNDARY CORRBCTION FOR WING PITCHING-MOMENT COEFFICIENT

-3
(EQUATION (36)) =
® ® ©) ® ® ©® ) ©) 2
' 2 ® @
- - Area mlti-~ | Moment multi-~
?: °r ce! (table X) | (table % @x®|®x0O6 plier plier
- (fig. 6)
1,111 1.961183 0.0119 0. 002k 0.0132 0.004T71 0.13090 o]
23827 1.143 1. 144357 .01k9 .0021 L0170 .002ho .4837h . L.18%12
.TOTL .97h L6232k | - L0182 .0016 L0177 . 00100 .18512 .13050
.9239 L60T . 362545 . 0214 L0013 ,0130 . 000kT . 20037 .18512

= 2_® x ® = 0.01585

o57. 3aCT

Eyl

AT @Ox® +x §2x® - 0.483

an A0.25 = 1.173

n_% b
Cr b 2c'

B (22) 5, - o

o]

MmE“ECOEAo.soCLZ(DX‘O‘OOiCL

ACmJ = 0, 005CL

ce!? PR R |
a % 0,0587
Ky = = = 0.7046
1 36.48a 0869
1
A
36. 48a
A
K2 =, = 0,29531
14 36:14-89.
A )

€
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TABLE XII.- JET-BOUNDARY CORRECTION TO DOWNWASH ANGLE AND

ADDITIONAL JET-BOUNDARY CORRECTION FOR PITCHING-MOMENT

COEFFICIENT FOR WING-PLUS-TAIL CONFIGURATION

(EQUATIONS (37) and (40))

[?;-is assumed equal to E}
Vi

©) ® ® ® ®
cyc (_W_ .
2y/b (E;E)t Ve, & ® x B Multipliers
(fig. 6) (fig. T)
1.104 0.0195 0.0215 0.13090
.3827 1.143 .0203 .0232 1837k
.T0T1 .989 .0211 .0209 .18512
.9239 .597 .0218 .0130 .20037
Ae, = 57.3 I:Z ® x @]cL = L.175Cy,
Auj = 0.905C, (from table X)

Aoy = A€y - ACLJ = 0.27OCL

= O.OO5CL




TABLE XT1I.~ ROLLING-MOMENT AND YAWING-MOMENT CORRECTIONS

(EQUATIONS (42) AND (48))

® | @ ® ® ® ® @ ® |
cqe ¢, ¢ . Yy _
2y/v | o€ Elg (WL) (Wl) o Multi
1° v 0:25 0.25|\ Ve, OxBIE®xB®®xQ 1o
(rig. 6)] (metbod of | (eyz gy I(£ig. 8) 0.75 | plier
reference 10) ‘

0 1.111 0 0.009% | 0 0 0 0 0 0
.3827] 1.143 . 783 .0128 . 0058 . 0075 , 00857 . 00663 .01002 | .09256
LT0TL| .97k 6. 362 . 0166 . 0167 L0198 | .01929 | 01627 | .120561 | .065lk5
.9239| 607 5. 522 ..0201 .028p .0321 | 01948 | .01712 | .11099 | .09256

a0y = - czu57.3a'[1_c1 x Y Dx @) = -0.01007C; &' = 0.0544
AC : Ky = ———=—— = 0.83739
1 1
¢, = clu<1 + 'c—z'1>‘“ 0.989930; . 1 4 18.2ka!
u A
A0y, = = Cifq > (® x @] = -0.00326 010
AL, = - CfC :|=-0.01811 C .
ng L¥1ly __Z@) X @ Cr, L, ) WA

A0y = By, + 80ng = -0.02137C1C; = -.0215%C1Cy

wotie NI VOVN

Gn
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Location of
1lifting element

‘C::§§;7

Figure l.- Coordinate systems in closed circular wind\tunnel.
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(a) n =o0.

Figure 2.- Contours of constant values of jet-boundary-induced-upwash
factor F <for a closed circular wind tunnel.
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